Abstract-
I. Introduction
Several types of optical bistability in semiconductor lasers, caused by absorption saturation, refractive index change, injection locking, or gain quenching, were investigated and reported [1] , [2] . The segmented-electrode optical bistable laser diode (BLD) is an attractive device for use in all-optical systems in which optical signals are processed directly without conversion into electrical signals. Static and switching characteristics of two-segment BLDs have been studied theoretically and experimentally by several groups [3] - [12] . In these studies, rate equations were constructed for two-segment structures, taking the carrier densities in each region and the photon density in the cavity into consideration. Operating conditions for effects of selfpulsation and bistability were derived. However, most of this work has been limited to numerical analyses due to inherent complexity of the problem. In this paper, we introduce two key parameters, namely the ratio of the carrier lifetime to the photon lifetime, and the normalized spontaneous emission coefficient. By using these two key parameters, we can analyze, in a systematic way, the rate equations of two-section BLDs and find analytic expressions allowing an insight into their properties. The stability analysis presented is rather general and can thus be applied, as a different approach with more or less minor modifications, to any bistable laser diode structure including multi-quantum well distributed feedback configurations. Some numerical results testing our theory are provided to illustrate its validity.
II. Theory
A bistable laser system can be described by the evolution equation
(1) where X = (n e1 , n e2 , n p ). n e1 and n e2 are the carrier densities in the gain and absorption regions, and n p is the photon density in the cavity. ξ is a control parameter such as the pump rate. The typical bistability behavior described by Eq.(1) is depicted in Figure 1 . The ON and OFF states can be determined by setting f(X s , ξ)=0, where X s could be either the ON or the OFF state. We define a deviation ∆X=X-X s . The linear stability analysis of the steady state X s , by seeking linearized solutions of the form ∆X=Vexp(λt), will yield a third-order equation which can be used to determine the eigenvalues of the system. Generally, the eigenvalues are of the form 
where the imaginary and real parts of eigenvalues characterize the frequency of the damped oscillation and the relaxation rate of the system towards its ON or OFF state, respectively. The ON and OFF states are stable if the corresponding real parts of λ i (i=1,2,3) are negative; one or more positive real parts imply an instability.
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Figure1 Typical photon-density-versus-pump-rate characteristic of a bistable laser diode.
The switch-up pump rate P up and the switch-down pump rate P down in Fig.1 are the two critical points. The main feature of these critical points is that their presence is always signaled by vanishing of the real part of at least one eigenvalue in the stability analysis. This means the divergence of the relaxation time (the relaxation time approaches infinity). Therefore the switching dynamics in the vicinity of the critical point may be affected considerably by critical slowing down [13] . Experimentally, critical slowing down has been shown to exist for ON to OFF switching [4] , but can also be observed for OFF to ON switching. A critically slow switch can be observed if, during the switching between bistable states, the injection current remains very near the critical point. If, on the other hand, the injection current is quickly increased or decreased away from the critical point, the switching time will be limited by internal physical processes such as carrier and photon lifetimes as shown in the following section. By using the above results of the stability analysis, we assume that the maximum switch-on time (switch-off time) is inversely proportional to the minimum value of the real part of the corresponding eigenvalue if the switching occurs far from the vicinity of the critical point. We shall use the two key parameters to describe a BLD, then we will demonstrate that the corresponding eigenvalues of the ON state take the form of Eq.(2) while the corresponding eigenvalues of the OFF state take the form of Eq.(3). This can qualitatively explain the numerical and experimental results [1] , [2] , [4] , [5] , [7] , [8] where switch-on transients were characterized by the relaxation rate with oscillation, while switch-off transients were characterized only by the relaxation rate. Selfpulsation emerges from the ON state if ( )
We shall consider the simplest model which is known to display bistability and self-pulsation and determine to what extent the eigenvalues of Eqs. (2) and (3) can be obtained analytically.
III. Two-Section Bistable Laser Diodes

A. Rate Equation
The schematic structure of absorptive BLDs can be a two-section Fabry-Perot LD [14] , a two-section DFB LD [15] , a two-section MQW LD [7] , or a two-section MQW DFB LD [8] .
The simplest model for absorptive bistability can be described by the following rate equations based on single-mode oscillation [1] , [2] ( ) (6) where γ 1 +γ 2 =1. Subscripts 1 and 2 refer to parameters in the gain and absorption regions, respectively, while n ei (i=1,2) and n p are the numbers of injected carriers in ith region and photons in the laser resonator, respectively. The pump rate per unit volume is P i =I i /qV, where I i is the total input current in the ith region and V is the volume. B is the recombination coefficient, v g is the group velocity, β sp is the spontaneous emission coefficient, γ i is a ratio of the length of the region i to the whole cavity length. τ nri is the carrier lifetime in the ith region and τ p is the photon lifetime. The rate equations describe the structures consisting of uniform gain and absorption regions with an electrical injection current. The photon density is assumed to be uniformly distributed along the laser resonator. This model does not include the effects of optical injection effects on the carrier density in both gain and absorption regions studied recently by our group [8] . As mentioned in Section II, here we are considering the simplest model to display how to demonstrate one can analytically the physical mechanisms governing the dynamic characteristics of a bistable laser diodes. The gain function g i (n ei ) significantly determines the bistable properties of bistable laser diodes. The conventional gain-versus-carrier density relation is approximated by the form of g i (n ei )=g 0 (n ei -n ei0 ) (linear gain dependence), where g 0 is the differential gain and n ei0 is the carrier concentration at zero material gain. This relation is used extensively and is derived from an approximation connecting peak values of the gain profile for each carrier density as shown in [15] . However, this relation gives only a reasonable approximation in a small biasing range when the carrier concentration is comparable with the transparency carrier concentration [16] , [17] . If we consider the carrier-density-dependent gain more precisely, it depends on gain medium, doping, carrier concentration, etc. The range of accuracy for the gain function can be extended by adopting a parabolic gain dependence [1] , [2] , [16] , [17] , [18] (7) where a, b, and c are the constants that can be determined as described in [17] , [18] . In general, the coefficient a is dependent on temperature, wavelength, and doping. We will show below that the adoption of a parabolic gain dependence significantly lowers the pump threshold for the onset of self-pulsation and increases the self-pulsation frequency with a. 
and defining the rescaled time T, the two key parameters, the ratio of the carrier lifetime to the photon lifetime η, and the normalized spontaneous emission coefficient ε, as follows 
This means that the OFF state is always stable up to the switch-up pump rate (S p1 ) up which can be determined from Eq. (15) (20) shows that the switch-up pump rate (S p1 ) up depends mainly on the gain dependence and the ratio of the length of the gain region to the whole cavity length, and is independent of the carrier lifetime in the absorption region. Another important property of (S p1 ) up is that it decreases as γ 1 increases. (14) and (13) and crosses, respectively. Dashed lines represent the unstable state whose real part of eigenvalues is positive. We can see that the width of bistability will decrease as γ 1 increases, indicating that the absorption significantly affects the bistable laser characteristics, and bistability disappears as γ 1 =1 which provides the proof of our asymptotic analysis. As expected, the agreement is excellent. In the following calculations, we chose γ 1 =0.5 without any loss of generality. Figure 3 shows the approximate frequency and the damping rates (Eqs. (19) and (21) (19) and (21) Figure 4 shows the dependence of the photon density on the pump rate for the cases of α 4 =2.0 and α 4 =2.4, respectively. Fig.4(a) shows a very small domain of bistablity corresponding to α 4 =2.0, while Fig.4(b) does not display any bistablity when α 4 =2.4.
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Pump Rate Figure 4 Dependence of the photon density on the pump rate for cases of (a) α4=2.0 and (b) α4=2.4. The detail around the switch-up pump rate is shown enlarged in the insets.
C. Self-Pulsation Solution
Let us now consider the self-pulsation solution that emerges from the steady state at the Hopf bifurcation point (S p1 ) Hopf which can be determined by setting Figure 5 shows the dependence of the Hopf bifurcation point on the pump rate. Fig.5(a) shows the dependence of α 4 (the ratio of the carrier lifetime in the gain region to the carrier lifetime in the absorption region) on the pump rate at the Hopf bifurcation point. There exists a minimum value of α 4 corresponding to the self-pulsation solution. The steady state is stable below the critical curve and its stability depends on the distribution of the carrier lifetime along the laser cavity. The self-pulsation region is shown as a shaded area. The photon density at (S p1 ) Hopf is proportional to the pump rate as shown in Fig.5(b) . Fig.5(c) shows the dependence of the selfpulsation frequency on the pump rate at the Hopf bifurcation point (S p1 ) Hopf , where the natural time scale t has been recovered. The self-pulsation frequency can be written from Eq.(21) as (∝Ο(1)) which means obtaining a higher photon density (higher pump rate) and a higher optical gain in Eq.(22). This suggests that a two-section MQW LD can achieve a higher self-pulsation frequency because of its high optical gain, shorter photon lifetime and shorter carrier lifetime. For this case, the typical values of parameters are τ nr1 ∼1ns, τ p ∼1ps and one thus obtains from Eq.(27) f ∝ Ο(10 GHz) which is in good agreement with observed results reported in [19] . For the values of parameters used in this paper, we obtain f ∝ Ο(1 GHz) as shown in Fig.5(c) . We also note that the Pump Rate (Fig.5(a) ), the photon density (Np)Hopf (Fig.5(b) ) and the self-pulsation frequency f (GHz) (Fig.5(c) ) on the pump rate at the Hopf bifurcation point. 29)) and f (Eq.(31)) have been plotted in Fig.5(b) and (c) , respectively, where the solid line represents the exact result of Eq. (16) and circles represent the approximate analytical results of Eqs. (29) and (31). The agreement is indeed very good. This is very important because the expression in Eq.(31) can determine the selfpulsation frequency for the onset of self-pulsation. Eq.(31) shows that the self-pulsation frequency is proportional to the square root of the pump rate as usual, and also to the square root of the ratio of the length of the gain region to the whole cavity length (γ 1 ), and to the optical gain (α 2 ). These results are very useful for designing the parameters of bistable lasers. To check the validity of our analytical analysis of selfpulsation, the numerical integration of rate equations (4)- (6) have been carried out as shown in Fig.6 . Figs.6(a-c) show the self-pulsation behavior of the carrier density and the photon density for the case of the pump rate S p1 =28.01 which is just above the Hopf bifurcation point (S p1 , α 4 )=(28, 47.24). Fig.6(d) shows the corresponding power spectrum of the photon density of Fig.6(c) . The same has been plotted in performance of self-pulsation. For the linear gain dependence, the pump threshold (S p1 ) th for the onset of self-pulsation is about 62.97, while the pump threshold (S p1 ) th is about 26.5 for the parabolic gain dependence. The corresponding f 0 's in Eq.(31) are 2.39 and 3.85 GHz, respectively. This predicts that the adoption of a parabolic gain dependence can lower the pump threshold for the onset of self-pulsation and increase the self-pulsation frequency of bistable laser diodes. Although the self-pulsation has been extensively studied experimentally and theoretically [3, 10, 11, 12, 14] , the origin of self-pulsation for bistable laser diodes was, for the first time, found here by using the asymptotic solutions. Our prediction needs experimental proof for the pump threshold and self-pulsation frequency at the onset of self-pulsation.
D. Switching Dynamics
In Section II we have assumed that the maximum switching time is inversely proportional to the minimum value of the real part of the corresponding eigenvalues if the switching occurs far from the vicinity of the critical point. This assumption does represent a practical fast-switching-speed case. One can then obtain the following results for the maximum switch-off and switch-on times, respectively, after the natural time t has been recovered from Eqs. (19) and (21) ( ) ( ) (33) Eq.(32) shows that the switch-off performance is drastically affected by the carrier lifetime in the absorption region. This can be physically understood by recognizing that absorption in the absorption region saturates due to excited electrons overfilling the conduction band and by realizing that the turn-off process is governed by absorption recovery due to recombination of excited carriers. Therefore the turnoff time can be reduced by decreasing the carrier lifetime in the absorption region, which has been confirmed experimentally [7] . Eq.(33) shows that the switch-on performance is affected by the carrier lifetime in the gain region; the turn-on time decreases with increasing the pump rate (see Figs.3(d,e) ), which is in agreement with the experimental results in [20] . From Eqs. (19) and (21) we note that switch-on transients can be characterized by the relaxation rate with oscillation, while switch-off transients can be characterized only by the relaxation rate. The relaxation rate and the relaxation frequency are associated with slow and fast time scales, respectively, for the turn-on process. These points are in agreement with experimental results [1] , [2] , [4] , [5] , [8] , [19] . In the following numerical simulations for studying the switching dynamic characteristics, we set the dc bias at the middle of the hysteresis curve and denote this point as (S p1 ) b =25.9. The switching operation between the ON and OFF states was accomplished by suddenly changing the injection current. Fig.7 shows the time evolution 1 ns) for the values of parameters used in this paper. After a delay, the switch-on dynamics can be characterized by the transient dynamics as shown in Fig.8(c) . In some literature [7, 8] , the turn-on time is defined as the time between the moments when the pump rate is injected and when the output of the photon density reaches the peak intensity in the first cycle of relaxation oscillations. In this case, the turn-on time can be approximately found from Eq.(34) and would decrease with increasing the pump rate because β 11 increases as the pump rate increases. This explains the results of [7] and [8] . The waveforms of the switch-on dynamics are thus well described, for the first time, by the analytical result of Eq.(21). (a) Figure 9 Calculated transient response to a step current pulse with γ1=0.5. Time evolution of the photon density with the ON pulse (a) and the OFF pulse (b), respectively. In (a), the initial condition (t=0) is the OFF state and the injection current changes from (S p1 ) b to (S p1 ) b =26.5. In (b), the initial condition (t=0) is the ON state and the injection current changes from (
The switching time increases drastically when the switching occurs around critical points, as mentioned in Section II. This is because of the vanishing of the real part of at least one eigenvalue in the stability analysis. This phenomenon known as "critical slowing down" is illustrated in Fig.9 . Fig.9(a) shows the switch-on dynamics where the initial condition is the OFF state. The injection current changes from (S p1 ) b to (S p1 ) b =26.5 which is very close to the switch-up pump rate. Fig.9(b 
IV Conclusions
In this paper, we have shown that the two key parameters, namely the ratio of the carrier lifetime to the photon lifetime and the normalized spontaneous emission coefficient, play an important role in determining the dynamic characteristics of BLDs. We have also shown, by using these two parameters, that it is possible to analytically describe the properties displayed by the system. For bistable laser diodes, we have shown that the turn-on and turn-off dynamics are different because they are associated with two different sets of eigenvalues. The OFF state may lose its stability when the pump rate exceeds the switch-up pump rate (S p1 ) up which is independent of α 4 (the ratio of the carrier lifetime in the gain region to the carrier lifetime in the absorption region). The ON state may lose its stability when the pump rate is below the switch-down pump rate (S p1 ) down . The bistability may be controlled by varying the values of parameters γ 1 (ratio of the length of the gain region to the whole cavity length) and α 4 . When an LD displays only a single stability, it may lose its stability via Hopf bifurcation and a self-pulsation solution may emerge from that Hopf bifurcation point. We have demonstrated that switching dynamics and selfpulsation are associated with two different time scales. We have also shown that the gain function profile can significantly affect the performance of self-pulsation operation of bistable laser diodes. Our analytical results are accurate, being in agreement with experimental and numerical results reported by others. We should also emphasize that the bistable laser diodes were described here analytically. Most of the results of the paper are obtained in closed form to provide an easy way to understand the physical mechanism of the phenomena such as the stability of the "ON" and "OFF" states, the switching dynamics, and the self-pulsation the bistable laser diodes display. Finally, we should point out that the validity of our approach rests on the existence of the two key parameters (δ, ε) which must be much smaller than 1. Fortunately, the existence of these two key parameters is universal for BLDs with other structures such as Fabry-Perot LDs, distributed feedback (DFB) LDs, MQW LDs and MQW DFB LDs where δ ≈ 10 -3 ~10 -5 and ε≈10 -5 . Therefore our approach is rather general and the same amalysis can be applied to other bistable laser diode structures with only some modifications to rate equations such as the gain dependence, the values of parameters of the system, etc. [7] , [8] , which would depend on the actual bistable laser diode structure. When the analysis is applied to a multi-quantum well (MQW) LD which was well modeled by Uenohara et al. [7] , similar dynamic characteristics can be obtained. Therefore the use of the analysis produces ways to achieve higher bistable switching speeds and a higherfrequency self-pulsation operation. It also provides the indisputable analytical insight necessary for further optimization of device design.
